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Abstract

We study random choice to capture violations of the weak axiom of revealed prefer-

ence. Using comparisons of choice probabilities, we introduce the notion of a stochastic

preference. We show that the Luce model is the unique rule that has a context-independent

stochastic preference. To address well-known difficulties of the Luce model in situations

where choice objects have overlapping attributes, we introduce a new random choice model,

the weighted attributes rule. We show that it is identified by a context-independent stochas-

tic preference over attributes.

†



1. Introduction

In empirical and experimental studies, individual choice behavior is almost always

interpreted probabilistically. One reason is that individuals may represent aggregates of

observationally indistinguishable decision makers. But even when choice data identify

individuals, deterministic theories seem inadequate to describe observed behavior.

In simple experimental settings, subjects routinely violate the weak axiom of revealed

preference and, therefore, cannot be thought of as maximizing a deterministic utility func-

tion. Moreover, deterministic violations of the weak axiom are unlikely to find much

empirical support; while it is reasonable to expect that a particular decision maker may

choose 1 from the set {1, 2} on one occasion and choose 2 from {1, 2, 3} on another occasion,

it is unlikely that this decision maker would choose 1 from {1, 2} and 2 from {1, 2, 3} on

every occasion. To put it differently, a deterministic theory may be too crude for measuring

an individual’s tendency to choose 1 over 2.

Standard deterministic decision theory posits that individual preferences are context

independent; if alternative s is preferred to alternative t then this preference holds irrespec-

tive of what other choices are available. The hypothesis of context-independent preferences

forms the foundation of much of standard demand and incentive theory.

In this paper, we examine the implications of an analogous context-independence

hypothesis for random choice. Let a be a set of alternatives that contains neither s nor t.

Alternative s is stochastically preferred to alternative t if the decision maker is more likely

to choose s from the set a ∪ {s} than t from a ∪ {t}. Context independence then requires

that this ranking is independent of the option set a. Let ρ(a, b) be the probability that

some s ∈ a is chosen from the set b.1 We can extend the notion of stochastic preference to

option sets. Let c be disjoint from a and b. Then, a is stochastically preferred to b if

ρ(a, a ∪ c) > ρ(b, b ∪ c) (†)

and stochastically indifferent to b if

ρ(a, a ∪ c) = ρ(b, b ∪ c) (‡)
1 For singleton sets we write ρ(s, b) rather than ρ({s}, b).
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This preference is context-independent if (†) and (‡) are preserved when we change the set

c to d. This is equivalent to the following independence assumption: for every c, d disjoint

from a and b

ρ(a, a ∪ c) ≥ ρ(b, b ∪ c) implies ρ(a, a ∪ d) ≥ ρ(b, b ∪ d) (independence)

Luce (1959) introduces the idea of random choice as behavioral optimization. In

particular, he proposes the “random choice hypothesis,” which asserts that the ratio with

which option s is chosen from a set of options to the ratio with which t is chosen from

the same set is constant across all sets that contain both s and t. The random choice

hypothesis leads immediately to the Luce model: there exist strictly positive numbers vs

for every option s so that

ρ(s, b) =
vs∑
t∈b vt

whenever s ∈ b. We refer to the numbers vs as Luce values and to the corresponding

random choice rule as a Luce rule.

Clearly, Luce’s random choice hypothesis implies independence. To see that the con-

verse is not true, consider the case of three alternatives. An arbitrary random choice

rule has 5 parameters; the probability of choosing 1 from the set {1, 2}; the probability

of choosing 2 from {2, 3}; the probability of choosing 1 from {1, 3}; the probability of

choosing 1 from {1, 2, 3} and the probability of choosing 2 from {1, 2, 3}. In this case, any

random choice rule satisfies independence. By contrast, if we fix two of the five parameters

above, then Luce’s random choice hypothesis pins down the remaining three parameters.

We can interpret the random choice hypothesis as a cardinal version of independence; not

only is stochastic preference context independent but likelihood ratios must be context

independent as well. For the purpose of economic analysis, the cardinal strengthening

of context-independence seems unnecessary. Economic analysis relies on stable ordinal

preferences but does typically not require a cardinal version of context-independence.

Our first result, Theorem 1, shows the gap between independence and Luce’s random

choice hypothesis is due to the sparseness of the above example. In a rich setting, with

sufficient variety in options and option sets, independence implies the Luce rule. Thus,
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Theorem 1 shows that, modulo a technical assumption, the only rule with a context-

independent stochastic preference is the Luce rule. In sparse settings, other rules may

yield a context-independent stochastic preference. However, such rules cannot be extended

to environments with a large variety of options and option sets in a way that preserves

independence.

To illustrate our richness assumption, suppose alternatives are indexed by s ∈ (0, 1)

and possible choice sets consist of all finite subsets of (0, 1). Then, any Luce rule with

strictly increasing Luce values such that vs → 0 as s → 0 satisfies our richness assumption.

While Theorem 1 formalizes the sense in which the Luce model is the natural extension

of context-independent preferences to random choice, it offers no response to some of the

well known regularities that are inconsistent with Luce model. The best known such

regularity is due to Debreu (1960) who noted that if two items s1 and s2 are very similar

(a yellow and red bus) and t is a third dissimilar option (a train), then it may be that each

item is chosen with probability 1/2 from every two-element subset of {s1, s2, t} but t may

chosen from {s1, s2, t} more frequently than each of the other two options. The problem

that Debreu’s example identifies is more generally referred to as the “duplicates problem”

in the discrete estimation literature.

We interpret Debreu’s example as a situation where the decision maker has context-

independent preferences over the product attributes. Violations of independence occur

when alternatives share attributes but independence continues to hold when alternatives

have no attributes in common.

Debreu’s example suggests a particular attribute assignment; s1 and s2 share the bus-

attribute while t has the train-attribute. Note, however, that attributes are properties of

the decision maker and not of the objects. In other words, options s1 and s2 share common

attributes because the random choice rule treats them like a single option (and not because

they happen to both be buses.) Thus, the mapping from objects to attributes must be

inferred from the individual’s choice behavior. The main contribution of this paper is to

provide a model that derives a collection of attributes and a context-independent stochastic

preference over attributes from the random choice rule .

We say that two alternatives s and t are duplicates if, for any choice set a that contains

s but not t, replacing s with t has no effect on the probabilities of choosing alternatives
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other than s and t. Similarly, two option sets a and b are duplicates if an analogous

condition holds for a and b. Two option sets overlap if they have non-empty intersection

or if there are duplicates of the two option sets that have non-empty intersection. In

Debreu’s example, s1 and s2 overlap but s1 and t do not.

We make two substantive assumptions on the random choice rule. First, we weaken

independence as follows: for every c, d that does not overlap with a and b

ρ(a, a ∪ c) ≥ ρ(b, b ∪ c) implies ρ(a, a ∪ d) ≥ ρ(b, b ∪ d) (weak independence)

Thus, weak independence requires context-independence only when choice sets are non-

overlapping. Non-overlapping option sets are interpreted to be those option sets that have

no attributes in common.

Second, we require that the following elimination of duplicates assumption holds. If

b contains some duplicate of a and c is non-overlapping with b then the probability of

choosing any alternative in c is the same wether the choice set is a ∪ b ∪ c or b ∪ c. Thus,

duplicates can be eliminated without affecting the choice probabilities of non-overlapping

options. In Debreu’s example, this assumption says that the probability of choosing the

train is unaffected by adding a duplicate bus.

Our main result, Theorem 2, shows that if the random choice rule is rich2 and satisfies

weak independence and elimination of duplicates then there is a collection of attributes,

a value for each attribute such that each option is chosen in proportion to its weighted

attribute value. The weight of an attribute is equal to the inverse of the number of options

in the choice set that have the attribute. For example, if the set a contains n options with

the single single attribute “bus” then each bus s is assigned a value vas = w(b)/n where

w(b) is the value of the bus attribute. If alternative t has attributes c and d and c is shared

with another option in a while d is unique to t then vat = w(c)/2 + w(d). The weighted

attribute values determine the choice probabilities as in the Luce rule:

ρ(s, a) =
vas∑

s′∈a v
a
s′

2 As before, richness is a requirement on the variety of potential choices and choice sets.
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We refer to the model described above as the weighted attributes model (WAR). It allows

for the possibility that alternatives share some but not all attributes. As a result, the WAR

model can address versions of Debreu’s example that are less idealized. For example, it

may be the case that adding additional buses slightly reduces the probability of choosing a

train. The WAR captures this with a formulation where buses share a common attribute

but are not exact duplicates of one another.

1.1 Related Literature

One class of extensively studied random choice rules are random utility maximizers.

Most econometric models of discrete choice such as logit, probit, nested logit, etc., are spe-

cial example of random utility maximizers. A random utility is a probability distribution

over utility functions. A random choice rule maximizes a random utility if the probability

of choosing s for a is equal to drawing a utility function that attains its maximum in a

at s. Block and Marschak (1960) show that Luce rules are random utility maximizers.

McFadden (1978) uses the Gumbel distribution to construct a random utility for the Luce

model that facilitates the estimation of Luce values as a function of (observable) back-

ground parameters. Falmagne (1978) characterizes the set of all random choice rules that

maximize a random utility.

In Theorem 3, below, we show that the Block and Marschak theorem extends to the

weighted attribute rules. Every WAR is a random utility maximizer. However, not every

maximizer of a random utility is a WAR. Specifically, WARs satisfy a property known as

stochastic transitivity:

ρ(s, {s, t}) ≥ 1/2 and ρ(t, {t, t′}) ≥ 1/2 implies ρ(s, {s, t′}) ≥ 1/2

It is straightforward to construct examples of random utilities that violate this property.

Tversky (1972) introduces the elimination by aspects (EBA) model to address short-

comings of the Luce model. The EBA model assumes that alternatives have attributes

of differing values and postulates the following stochastic algorithm. With a probability

proportional to its value the decision maker chooses the first attribute and eliminates all

options that do not have it. Next, the decision maker chooses a second attribute and again
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eliminates all options that do not have it. This process is repeated until a single alternative

is left. In each round the decision maker considers only attributes that are attained by

some of the remaining options. By contrast, the weighted attribute rule can be interpreted

as the following stochastic algorithm. With a probability proportional to its value, the de-

cision maker picks a single attribute and randomizes equally among all options that have

the attribute. Thus, the WAR-algorithm randomizes equally among all options that share

the first attribute while EBA uses other attributes to break ties. Both WAR and EBA

satisfy stochastic transitivity. However, the models are not nested. There are WARs that

cannot be described as an EBA and there are EBAs that cannot be described as WARs.

A well known regularity inconsistent with random utility maximization – and therefore

inconsistent with the Luce rule and WAR – is the attraction effect (Huber, et al. (1982))

and the related compromise effect (Simonson (1989)). The attraction effect refers to situa-

tions in which a new inferior option increases the market share of an existing similar but su-

perior option. More formally, suppose s1, s2 are similar options as above but s2 is inferior so

that ρ(s1, {s1, s2, t}) is small. The attraction effect arises if ρ(s1, {s1, s2, t}) > ρ(s1, {s1, t}).
Notice that random utility maximization implies monotone random choice rules (Luce and

Suppes (1965)), that is, ρ(s1, a∪ b) ≤ ρ(s1, a), for all sets a, b and therefore is inconsistent

with the attraction effect. The compromise effect refers to a similar non-monotonicity

where an option is chosen with greater frequency after a more extreme option is added. In

the final section, we briefly discuss an extension of WARs that can address attraction and

compromise effects.

The models discussed in this paper belong to a large class of behavioral optimiza-

tion models that weaken standard economic rationality requirements to address failures of

the weak axiom. Strotz’ (1955) model of consistent planning and Simon’s (1978) model

of satisficing behavior are two well-known behavioral optimization models. More recent

behavioral optimization models include the Pollak (1968) and Peleg and Yaari (1973)

models of consistent planning, the Köszegi and Rabin’s (2006) model of status quo depen-

dent choice, Manzini and Mariotti’s (2007) model of sequentially rationalizable choice and

Salant’s(2009) model of bounded rationality.

6



2. Revealed Stochastic Preference

Let A be a nonempty set of choice objects. A set A of subsets of A is a proper

collection if (i) {s} ⊂ A for all s ∈ A, (ii) a ⊂ b ∈ A implies a ∈ A and (iii) a, b ∈ A implies

a ∪ b ∈ A. One example of a proper collection is Af the set of all finite subsets of A.

Unless stated otherwise, all sets denoted with lower case letters are elements of A. To

simplify the statements below, we use the following notational convention:

ab := a ∪ b (C)

and identify s ∈ A with the singleton {s} ∈ A. Given any proper collection A, let

A+ = A\{∅}. A function ρ : A×A+ is a random choice rule (RCR) if for all b ∈ A+

ρ(b, b) = 1

ρ(a, b) =
∑
s∈a

ρ(s, b)
(1)

The first part of (1) is the feasibility constraint; ρ must choose among options available in

b; the second part of (1) is the requirement that ρ(·, b) is a countably additive probability.

When we wish to be explicit about the domain, we refer to the function ρ together with

the proper collection A of subsets of A as the random choice rule. When the underlying

proper collection is clear, we suppress it.

For a fixed c ∈ A+ with ab ∩ c = ∅, the set a is stochastically preferred to b if

ρ(a, ac) > ρ(b, bc); the set a is stochastically indifferent to b if ρ(a, ac) = ρ(b, bc). Thus,

a is stochastically preferred to b if options in a are chosen more frequently from ac than

options in b from bc. Independence, stated below, requires that the stochastic preference

is context independent, that is, independent of the set c.

Independence: ρ(a, ac) ≥ ρ(b, bc) implies ρ(a, ad) ≥ ρ(b, bd) if c, d ∈ A+ and ab∩cd = ∅.

If independence holds, there is a binary relation ºρ on A×A that represents stochastic

preference. The decision maker stochastically prefers a to b (a Âρ b) if he is more likely to

choose from a when faced with ac than he is to choose from b when confronting bc for any

c that is disjoint from a and b.
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A function v : A → IR++ is a Luce value if for all b 6= ∅,
∑

s∈b

vs < ∞.

Call a RCR, ρ, a Luce rule if there exists a Luce value v such that

ρ(s, b) =
vs∑
t∈b vt

(2)

whenever s ∈ b ∈ A. We say that the Luce value v induces ρ if equation (2) holds for all

such s, b. Clearly, every Luce value induces a unique RCR.

It is easy to see that the Luce rules satisfy independence since

a ºρ b if and only if
∑
s∈a

vs ≥
∑

s∈b

vs

Hence, V (a) =
∑

s∈a vs represents the stochastic preference in the Luce model.

Theorem 1, below, shows that in a setting with a sufficient variety of options and

option sets, the Luce rule is the only RCR that satisfies independence and, therefore, the

only rule that admits a context independent stochastic preference. Next, we state the

richness requirement.

Richness: For a 6= ∅, c and δ ∈ (0, 1), there is b such that b ∩ c = ∅ and ρ(a, ab) = δ.

We refer to a RCR ρ that satisfies (R) as a rich RCR. The following example illustrates

a rich RCR.

Example 1: Let A = (0, 1), let A = Af be the set of all finite subsets of A and let the

Luce value v be defined as vs = s for all s ∈ A. It is straightforward to verify that the

RCR ρ induced by this Luce value is rich.

Theorem 1: A rich RCR satisfies independence if and only if it is a Luce Rule.

Theorem 1 shows that if the choice rule is rich then independence implies (and is

implied by) the Luce rules. Thus, in a setting with a large variety of options and option sets,

Luce rules are the only random choice rules that exhibit a context-independent stochastic

preference.
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We interpret richness as a technical assumption analogous to Savage’s small event

continuity (P6). Both assumptions are idealizations that facilitate the calibration of prob-

abilities. In a sparse setting, there may be random choice rules that satisfy independence

and do not correspond to the Luce rule. However, the fact that independence is satisfied

for those choice rules can be viewed as a artifact of the sparse setting.

Example 1 illustrates a rich setting with a continuum of alternatives. Example 2,

below, illustrates a rich setting with a countable number of alternatives.

Example 2: Let A be the set of all strictly positive rational numbers and let A be the

collection of subsets of A that are summable. That is, A = {a ⊂ A |Σs∈as < ∞}. It is

easy to verify that A is a proper collection. Let v be the Luce value such that vs = s and

let ρ be the RCR induced by this Luce value. In Appendix A we demonstrate that ρ is

rich.

3. Attributes

The following is a slight modification of an example due to Debreu (1960).

Example 3: Let A = {s1, s2, s3, t}. Assume that s1, s2, s3 are transparently similar

options, for example, buses of three different colors while t is a train. Let b = {s1, s2, s3}
be the set of buses. If the agent stochastically prefers buses over trains but is unresponsive

to color then we might have

ρ(si, sit) = .6; ρ(si, bt) = .2

for all i. Note that ρ(si, sit) suggests that every bus is stochastically preferred to the train

whereas ρ(si, bt) suggests that the train is stochastically preferred to every bus. Thus, we

have a violation of independence.

Debreu’s example is referred to as the duplicates problem in the literature. The deci-

sion maker may have a context-independent stochastic preference over product attributes

but when some products share the same attributes we observe violations of independence.

In Debreu’s example, alternatives in the set b share the same attribute and, as a result, the
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decision maker treats them as if they were a single option. The Luce model is inadequate

for describing the resulting behavior.

The following example illustrates a situation where alternatives have multiple at-

tributes.

Example 4: Let A = {s1, s2, s3} and assume that the options represent three different

airlines that service two destinations. Option s1 services both destinations while s2 services

only the first and s3 only the second destination. The decision maker is stochastically

indifferent between the two destinations and does not care about the airline. This situation

might be described by the following random choice rule:

ρ(s1, s1s2) = 3/4; ρ(s1, s1s3) = 3/4; ρ(s1, s1s2s3) = 1/2

It is easily verified that this random choice rule cannot be captured by a Luce rule. (For

any Luce rule, the first two choice probabilities imply that ρ(s1, s1s2s3) = 3/5). In this

example, the set {s2, s3} is a duplicate of s1. Notice that this example requires two

attributes; the first is shared by s1 and s2 while the second is shared by s1 and s3.

The descriptions in examples 3 and 4 suggest specific choices of attributes. In example

3 it seems natural that every collection of buses (subsets of b) is treated like a single

alternative. In example 4, the choice of airlines is the result of a more basic choice of

destinations. In each case, we could preserve stochastic independence (and hence the

Luce model) if we focused on what is really driving the choice. The difficulty is that the

designation of attributes is rarely clear cut. Even in the examples above, the random

choice rule may be responsive to the bus’ color or to the name of the airline. If that is the

case then the buses are not exact duplicates and s1 is not an exact duplicate of {s2, s3}.
Thus, a satisfactory model must also deal with less clear cut examples.

A more basic challenge is that the designation of attributes must be a function of

the random choice rule. If the decision maker only cares about the color of the means of

transportation then the fact that buses share similar physical characteristics is irrelevant

and, instead, what matters is the color-attribute. Thus, how the decision maker groups

objects into duplicates cannot be decided based on physical characteristics of the objects.
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Therefore, duplicates and attributes are a property of the random choice rule and not of

the objects.

In example 3, the yellow and blue buses are duplicates because we can replace a yellow

with a blue bus in any option set without affecting the choice probabilities of alternatives

other than the two buses. The next definition extends this notion of a duplicate to option

sets. The option sets a and b are duplicates if replacing a with b has no effect on the

probabilities of choosing elements that are not in a or b.

Definition: a, b are duplicates if ab ∩ c = ∅ and s ∈ c implies ρ(s, ac) = ρ(s, bc).

We write a ∼ b if a is a duplicate of b. The relation ∼ is symmetric and reflexive.

Next, we define the notion of overlap of option sets a and b. When a and b have elements

in common they overlap. Even if a and b have no elements in common, they overlap if

there are duplicates of a and b that have elements in common. In example 4 above, the

two-destination airline s1 and the one-destination airline s2 overlap because b = {s2, s3}
is a duplicate of s1 and b ∩ s1 6= ∅.

Definition: a, b ∈ A are nonoverlapping if a ∼ a′, b ∼ b′ implies a′ ∩ b′ = ∅.

We write a ⊥ b if a and b are non-overlapping. Our first substantive assumption

says that duplicates are treated like a single option. Specifically, if a and b′ are duplicates

then adding alternatives from b′ to a choice set that contains a does not alter the odds of

choosing options that have no overlap with a.

Elimination of Duplication: a ∼ b′ ⊂ b ⊥ c and s ∈ c implies ρ(s, bc) = ρ(s, abc).

As we illustrated in Example 3 above, duplicates may lead to violations of indepen-

dence. Recall that independence requires that ρ(a, ac) ≥ ρ(b, bc) implies ρ(a, ad) ≥ ρ(b, bd)

for c ∩ ab = d ∩ ab = ∅ and c, d ∈ A+. In Example 3, independence fails because d or

c overlap with a or b. On the other hand, if there is no overlap, then independence is

satisfied in the examples above. Weak independence, below, requires independence to hold

only if a and b have no overlap with c and d.

Weak Independence: ρ(a, ac) ≥ ρ(b, bc) implies ρ(a, ad) ≥ ρ(b, bd) if c, d ∈ A+ and

ab ⊥ cd.
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Theorem 2, below, shows that strongly rich3 random choice rules that satisfy elimina-

tion of duplicates and weak independence are weighted attribute rules (WAR). A weighted

attribute rule is characterized by a collection of attributes and a function that assigns each

attribute a value. Henceforth,

A = Af (f)

where Af is the (proper) collection of all finite subsets of A. For any a ∈ A, |a| is the

cardinality of the set a.

An attribute is a set of choice objects – the objects that have the attribute. Therefore,

attributes C constitute a nonempty collection of subsets of A. We require that each object

has a finite number of attributes and at least one attribute. Thus, Cs = {c ∈ C|s ∈ c} is

non-empty and finite for all s ∈ A. Let Ca = {c ∈ C | c ∩ a} be the attributes of the set a.

For example, the choice rule in example 3 requires two attributes; b = {s1, s2, s3} is the

attribute “bus” and {t} is the attribute “train.” The choice rule in example 4 requires two

attributes corresponding to the two destinations, {s1, s2} and {s1, s3}.
The function w : C → IR++ assigns each attribute a strictly positive value. We call

the pair (w, C) an attribute value on A. A random choice rule (ρ,A) is a WAR if there

exists an attribute value (w, C) such that

ρ(s, b) =
∑

c∈Cs

w(c)

|b ∩ c|∑d∈Cb w(d)
(5)

We say that the attribute value (w, C) induces ρ if equation (5) holds for all s ∈ b ∈ A.

Clearly, every attribute value (w, C) on A induces a unique RCR (ρ,A).

To relate WARs to Luce rules, define

vbs =
∑

c∈Cs

w(c)

|c ∩ b|

to be a weighted sum of the attribute values of alterative s. The weight is 1 if s is the only

choice object in b that has the attribute c. In general, the weight is 1 over the number of

elements in b that have the attribute c. Then, (5) can be restated as follows:

ρ(s, b) =
vbs∑
s∈b v

b
s

3 For a definition of strong richness, see below.
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Thus, we can interpret the random choice rule as a modification of the Luce rule. Specif-

ically, the Luce value of each choice is a weighted sum of attribute values. The weight is

equal to the inverse of the number of objects in the choice set that have the attribute.

Example 3: To define a WAR that captures the behavior in example 3 above, let C =

{b, {t}} and let w(b) = 3 and w({t}) = 2. Then, ρ(si, sit) = .6 and ρ(si, bt) = .2 as

required.

Example 4: Let d1 = {s1, s2}, d2 = {c1, c3} and let C = {d1, d2} with attribute values

w(d1) = w(d2) = 1. Then, ρ(s1, s1s2) = ρ(s1, s1s3) = 3/4 and ρ(s1, s1s2s3) = 1/2 as

required.

In the special case where each object has an exclusive attribute, the model reduces to

the Luce model with vs = w({s}) and, therefore, the model is an example of a Luce rule.

Conversely, we can interpret every Luce value v as a special case of an attribute value with

C = {{s}|s ∈ A|} and w({s}) = vs. Therefore, WARs are a generalization of Luce rules.

To establish our main result, we require that there is sufficient variety in the set of

options and option sets. The richness assumption used in Theorem 2 below strengthens

the richness assumption used in Theorem 1. We begin by defining fine option sets.

Definition: b is fine if c ⊂ a ∼ b implies there is d ⊂ b such that c ∼ d and a\c ∼ b\d.

In example 4 above, {s2, s3} is a fine set whereas its duplicate {s1} is not fine. Let

M = {a ∈ A | a is fine} be the fine option sets. We strengthen the richness assumption of

the previous section in two ways. First, we require an analogous richness of non-overlapping

option sets. Second, we require a rich collection of fine duplicates.

Strong Richness: For a 6= ∅, c and δ ∈ (0, 1), there is (i) b such that b ⊥ c and

ρ(a, ab) = δ and (ii) d ∈ M such that d ∩ c = ∅ and d ∼ a.

The following example provides a setting where the assumptions of Theorem 2 are

satisfied.

Example 5: Let IN = {1, 2, . . .} be the set of all natural numbers and let A = IN × IR++.

Thus, each choice object s is described by a natural number i and a real number r. The
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natural number is analogous to the color in Debreu’s example and, therefore, the objects

s = (i, r) and s′ = (j, r) are duplicates. In this example, each alternative s = (i, r) has a

single attribute given by the set cs := {(j, r)|j ∈ IN}. Therefore, the set of attributes is

C = {cs | s ∈ A}. If s = (i, r) then w(cs) = r. It is easy to verify that (w, C) is an attribute

value and that the ρ it induces satisfies strong richness.

Let A∗ ⊃ A and let A∗ be the collection of finite subsets of A∗. A random choice

rule ρ∗ : A∗ ×A∗
+ → [0, 1] is an extension of ρ if A∗ ⊃ A and ρ∗(s, a) = ρ(s, a) whenever

s ∈ a ⊂ A. We say that ρ∗ is an extension of ρ if ρ∗ is an extension to some A∗ ⊃ A.

Theorem 2, below, is our main result:

Theorem 2: If a strongly rich ρ satisfies weak independence and elimination of dupli-

cates then it is a weighted attributes rule. Conversely, if ρ is a weighted attribute rule then

there is an extension of ρ that satisfies strong richness, weak independence and elimination

of duplicates.

Theorem 2 shows that in an environment with a sufficient variety of option and option

sets, the only rule that satisfies weak independence and elimination of duplicates is the

weighted attributes rule. In a sparse environment, other rules may satisfy weak indepen-

dence and elimination of duplicates but those rules cannot be extended without violating

one or both of these properties. By contrast, any WAR ρ can be extended so that the

extension satisfies weak independence, richness and elimination of duplicates.

The WAR model exhibits a context-independent stochastic preference over attributes.

This preference corresponds to the following choice experiment. The option set a is stochas-

tically preferred to the option set b if ρ(a, ac) ≥ ρ(b, bc) for all c that are non-overlapping

with ab. If the WAR has the attribute value (C, w) we can define the value of a set a,

W (a), as the sum of its attribute values:

W (a) =
∑

c∈Ca

w(c)

The function W represents the stochastic preference, that is, W (a) ≥ W (b) if and only if

a is stochastically preferred to b.
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For singleton sets s and t we have W (s) ≥ W (t) if and only if ρ(s, st) ≥ 1/2. Thus, W

is a representation of the preference generated by the direct comparison of options s and t.

It follows that WARs satisfy stochastic transitivity, that is, ρ(s1, s2) ≥ 1/2, ρ(s2, s3) ≥ 1/2

implies ρ(s1, s3) ≥ 1/2.

When s and t are non-overlapping (and therefore have no attributes in common) then

ρ(s, st) =
W (s)

W (s) +W (t)

In this case, the choice frequencies are measured by the function W . Overlap in the

attributes of s and t creates a wedge between the choice frequencies and the corresponding

values of W . If x is the value of the common attributes then

ρ(s, t) =
W (s)− x/2

W (s) +W (t)− x

This expression is increasing in x if W (s) > W (t) and thus the probability of choosing s

is maximal when s subsumes the attributes of t. In that case, the probability of choosing

s is equal to

1− W (s)

2W (t)

Thus, the value function W represents the stochastic preference and, for every pair s, t

identifies a range of choice probabilities for the direct comparison.

4. Related Models of Random Choice

4.1 Random Utility Maximization

The theoretical literature on random choice has focused largely on interpreting random

choice as random utility. In this section, we briefly discuss the related literature and

relate the weighted attribute model to random utility maximization. The random utility

literature largely deals with a setting with finitely many alternatives. Thus, to relate the

weighted attribute model to that literature it is convenient to consider a finite setting.
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Let A = {1, . . . , n} be the set of alternatives and let A+ be the set of all non-empty

subsets of A. In this case, a random choice rule ρ can be identified with a vector q ∈
IR

n(2n−1)
+ where qia = ρ(i, a) for all a ∈ A. Such a vector q satisfies

qia ≤ 1

qia > 0 implies i ∈ a
∑

i∈N

qia = 1

(6)

Let Q be the set of all q ∈ IR
n(2n−1)
+ that satisfy equation (6). Let Ql be the subset of Q

corresponding to Luce rules and Qw be subset of Q corresponding to weighted attribute

rules.

One class of extensively studied random choice rules are random utility maximizers.

Most econometric models of discrete choice such as logit, probit, nested logit, etc., are

special example of random utility maximizers. Next, we define, Qr, the set of random

choice rules that maximize a random utility.

Let U be the set of all bijections from A to A. For any i ∈ a ⊂ A, let

[ia] = {u ∈ U |ui ≥ uj∀j ∈ a}.

A function π : U → [0, 1] is a random utility if
∑

u∈U π(u) = 1. We identify each such

function with an element in IR
|U |
+ . Let Π = {π ∈ IR

|U |
+ | ∑u∈U πu = 1} be the set of all

random utilities. Hence, Π is the |U | − 1 = n!− 1-dimensional unit simplex.

Definition: The random choice rule q maximizes the random utility π if qia =
∑

u∈[ia] πu

for all i, a.

Let Qr denote the set of random utility maximizers, that is, the set of random choice

rules that maximize some random utility. Falmagne (1978) provides necessary and suffi-

cient conditions for a random choice rule to be an element of Qr. Block and Marschak

(1960) show that Ql ⊂ Qr and McFadden (1978) shows how to find a random utility π for

any Luce rule. Theorem 3, below, shows that every WAR is a random utility maximizer,

i.e., Qw ⊂ Qr. Hence, Theorem 3 extends Block and Marschak’s result to the weighted
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attributes rule. For any subset X ∈ IRk, let clX denote the closure of X and let convX

denote its convex hull.

Theorem 3: Ql ⊂ Qw ⊂ Qr = cl convQl.

Theorem 3 shows that the Luce rule and the weighted attributes rule can be given two

interpretations. One interpretation is based on revealed stochastic preference as defined in

section 2 of this paper. It interprets these rules as an extension of the concept of revealed

preference to allow for stochastic choice behavior. If, under certain conditions, the agent is

more likely to choose a than b then this is interpreted as a stochastic preference for a over

b. Thus, choice probabilities are analogous to choices in the deterministic case and a single

utility function can be used to represent the stochastic preference. The results reported

in Theorem 3 are then simply a testament to the permissiveness of random utility rules

rather than an identifying feature of Luce rules and weighted attribute rules.

By contrast, the random utility model interprets the choice behavior as the result of

probabilistic choice of utility functions. In this interpretation, context-independence of the

revealed stochastic preference is an artefact of the Luce and the WAR models that, for a

general random utility, should not be expected to hold.

4.2 Elimination by Aspects

Tversky (1972) introduces the elimination-by-aspects (EBA) rule that shares certain

features with the weighted attributes rule. A random choice rule q is an elimination-by-

aspects (EBA) rule if there is a scale u : A → IR+ such that for all i ∈ a ∈ A+,

qia =

∑
b∈A u(b)qia∩b∑
b:b∩a 6=∅ u(b)

We can interpret this rule as a modification of the weighted attributes rule. First, the

decision maker chooses an attribute and discards all choices that do not have the attribute

are eliminated. To choose among the remaining alternatives, the decision maker chooses

a second attribute and again discards all options that do not have it. This process is

repeated until a single alternative is left.

EBA rules and WARs differ in their behavioral they admit. There are q ∈ Qw that

cannot be captured or approximated by an EBA rule. Specifically, example 3 above (3
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airlines with 2 destinations) cannot be approximated by any EBA rule. Conversely, there

are EBA rules that cannot be approximated by anyWAR. The following example illustrates

this. There are three alternatives, A = {s1, s2, s3} and ρ(s1, A) = 1/2 = ρ(s3, A) = 1/2

and ρ(s2, s2s3) = 1/2− ε for ε small. In this example, s2 is never chosen in the presence of

s1 but is chosen with probability close to 1/2 when s1 is not present. This random choice

rule is an EBA rule but cannot be approximated as a WAR.

5. Conclusion and Extension

In this paper we have analyzed three nested models, the Luce rule, WAR and random

utility maximization. We have shown that the Luce rule is the unique random choice rule

that admits a context-independent stochastic preference. However, the Luce rule has well-

known shortcomings, perhaps the most prominent among them is the duplicates problem,

first pointed out by Debreu. The weighted attributes rule modifies the Luce rule, identifies

product-attributes and treats duplicates as if they were a single option. For options with

no attribute-overlap the WARs retain the identifying property of the Luce model.

Both the Luce model and the weighted attributes model are special cases of random

utility maximizers and, therefore, inherit the following monotonicity property. If an alter-

native is added to the choice set then the choice probability of the original members of the

choice set cannot increase. This property is in conflict with some of the evidence from the

marketing literature, most notably the attraction effect (Huber, et. al. (1982)) and the

related compromise effect (Simonson (1989)).

The attraction effect refers to situations in which a new inferior option increases the

market share of an existing similar but superior option. As Huber and Puto (1983) explain,

a typical experimental study of the attraction effect compares choice frequencies of options

differentiated along two dimensions, for example, quality and price. Two comparably

attractive core items such as a high-price, high-quality option and a low-price, low-quality

option are designed. Next, two decoy options are defined. The decoys are inferior in the

sense that they are rarely chosen when the corresponding core option is available. The

typical experiment finds that each decoy attracts consumers to the corresponding core item.

Recall that the WARs require that each attribute has a positive value, i.e., each ad-

ditional attribute must increase the frequency that an object is chosen. If we relax this
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requirement and allow negative attributes, i.e., attributes that reduce the choice proba-

bilities then the resulting random choice rules are no longer random utility maximizers.

Specifically, this generalization allows for non-monotonicities as required by the attraction

effect. The attraction effect may come about when the decoy option shares an unattractive

attribute (a high price) with an existing option. The added alternative dilutes the effect of

the negative attribute thereby creating an attraction effect. An analysis of this and other

generalizations of the weighted attribute rules to accommodate experimental evidence is

left for future research.
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6. Appendix

6.1 Example 2

We must prove that the ρ defined in Example 2 is rich. Let A = {s1, s2, . . .} be an

enumeration of A and consider any a, c ∈ A+, and δ ∈ (0, 1). Let δ1 =
∑

s∈a s, δ2 = (1−δ)δ1
δ

and set d0 = ∅. Define bj for j = 1, 2, . . . as follows: bj+1 = bj ∪ {sj+1} if sj+1 6∈ ac and
∑

s∈dj
s + sj+1 ≤ δ2; otherwise bj+1 = bj . Let b =

⋃
j≥1 bj and note that

∑
s∈b s = δ2.

Hence, b ∈ A, b ∩ c = ∅ and ρ(a, ab) = δ1
δ1+δ2

= δ as desired.

6.2 Proof of Theorem 1

Verifying that every Luce rule satisfies independence is straightforward. Hence, we

will only prove that a rich RCR that satisfies independence is a Luce rule.

Define a binary relation ºρ on A+ as follows: a ºρ b if and only if ρ(a, ac) ≥ ρ(b, bc)

for all c ∈ A+ such that ab∩ c = ∅. Let ∼ρ be the symmetric and Âρ be the strict part of

ºρ.

Throughout the following lemmas, we assume that ρ satisfies (R) and (I).

Lemma A1: ºρ is complete and transitive.

Proof: Clearly, ρ satisfies (I) only if ºρ is complete. Next, assume that a ºρ b and b ºρ c.

By richness, there exists a d ∈ A such that d ∩ abc = ∅ and ρ(c, cd) < 1. Hence, d 6= ∅.
Note that ρ(a, ad) ≥ ρ(b, bd) ≥ ρ(c, cd); thus independence implies a ºρ c as desired.

Definition: The sequence a1, . . . , an ∈ A is a test sequence if the elements are pairwise

disjoint and ρ(ai, aiai+1) =
1/2 for all i = 1, . . . , n− 1.

Lemma A2: For any test sequence a1, . . . , an ∈ A+, ρ(ai, aiaj) =
1/2 for all i 6= j.

Proof: Note that if the result is true for n = 3, then it is true for all n. So assume n = 3

and suppose ρ(a1, a1a3) > 1/2. Independence implies that a1 Âρ a2. Since ρ(a1, a1a2) =

1/2 = ρ(a3, a3a2), independence also implies a1 ∼ρ a3. Then, by Lemma A1 we have

a3 Âρ a2. But ρ(a3, a1a3) <
1/2 = ρ(a2, a1a2) contradicting a3 Âρ a2. A similar argument

reveals the impossibility of ρ(a1, a1a3) <
1/2. Hence, ρ(a1, a1a3) =

1/2 as desired.
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Lemma A3: If a1, . . . , an is a test sequence and a ∈ A+ with a ∩ a1a2 · · · an = ∅ then

ρ(a, aai) = ρ(a, aa1) for all i = 1, . . . , n.

Proof: If necessary use richness to extend the test sequence so that n ≥ 3. Then, Lemma

A2 implies ai ∼ρ aj for all i, j and hence ρ(a, aai) = ρ(a, aa1) for all i.

Lemma A4: For all a, b ∈ A+ with a ∩ b = ∅, a ºρ b if and only if ρ(a, ab) ≥ 1/2.

Proof: By (R), we can choose d ∈ A+ such that d∩ ab = ∅ and ρ(b, bd) = 1/2. Let, b1 = b

and b2 = d and note that b1, b2 is a test sequence. Then, by Lemma A3, ρ(a, ab) = ρ(a, ad)

and therefore ρ(a, ab) ≥ 1/2 if and only if ρ(a, ad) ≥ ρ(b, bd); that is, ρ(a, ab) ≥ 1/2 if and

only if a ºρ b.

Lemma A5: If c1, c2, c3, c4 is a test sequence, then ρ(ci, c1c2c3c4) = 1/4 for all i =

1, 2, 3, 4.

Proof: Let c = c1c2c3c4 and without loss of generality assume ρ(ci, c) ≥ ρ(cj , c) whenever

i ≤ j. Hence, by Lemma A4,

c1c2 ºρ c3c4 and c1c3 ºρ c2c4. (A1)

By (R), there exist c5 such that c1, c2, c3, c4, c5 is a test sequence. Since c2 ∼ρ c3 ∼ρ c5,

and by (A1) we have

ρ(c1c2, c1c2c3) = ρ(c1c2, c1c2c5)

≥ ρ(c3c4, c3c4c5)

= ρ(c3c4, c2c3c4).

(A2)

And by the same argument,

ρ(c1c3, c1c2c3) ≥ ρ(c2c4, c2c3c4). (A3)

But we also have

2 = 2[ρ(c1, c1c2c3) + ρ(c2, c1c2c3) + ρ(c3, c1c2c3)]

= ρ(c1c2, c1c2c3) + ρ(c1c3, c1c2c3) + ρ(c2c3, c1c2c3)

≥ ρ(c3c4, c2c3c4) + ρ(c2c4, c2c3c4) + ρ(c2c3, c2c3c4)

= 2[ρ(c2, c2c3c4) + ρ(c3, c2c3c4) + ρ(c4, c2c3c4)]

= 2.

(A4)
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Equation (A4) implies that the inequalities in (A2) and (A3) must in fact be equalities.

Hence ρ(c1c2, c1c2c5) = ρ(c1c2, c1c2c3) = ρ(c3c4, c2c3c4) = ρ(c3c4, c3c4c5) and (I) imply

c1c2 ∼ρ c3c4. By the same argument, we obtain c1c3 ∼ρ c2c4. By Lemma A4 we have

ρ(c1c2, c) = ρ(c3c4, c) =
1/2 and ρ(c1c3, c) = ρ(c2c4, c) =

1/2. Finally since ρ(ci, c) ≥ ρ(cj , c)

for i ≤ j we must have ρ(ci, c) =
1/4 for i = 1, 2, 3, 4.

Lemma A6: If a1, . . . , an is a test sequence then aiaj ∼ρ aka` for all i 6= j and k 6= `.

Proof: If i, j, k, ` are all distinct then Lemma A5 implies ρ(aiaj , aiajaka`) = 1/2 and

Lemma A4 implies aiaj ∼ρ aka`. If {i, j, k, `} has three distinct elements assume, without

loss of generality, that j = `. Let b1 = ai, b2 = aj , b3 = ak and note that b1, b2, b3 is a

test sequence. By (R) we can choose b4, b5 such that b1, b2, b3, b4, b5 is a test sequence. By

Lemmas 4 and 5, b1b2 ∼ρ b4b5 and b2b3 ∼ρ b4b5. Then Lemma A1 implies b1b2 ∼ρ b2b3,

that is, aiaj ∼ρ aka`. Finally, if {i, j, k, `} has two distinct elements then aiaj = aka` and

by Lemma A1 we have aiaj ∼ρ aka`.

Lemma A7: If ai1 , . . . , ai2n are 2n distinct elements of the test sequence a1, . . . , am and

aj1 , . . . , aj2n are also 2n distinct elements of the test sequence a1, . . . , am, then
⋃2n

k=1 aik ∼ρ

⋃2n

k=1 ajk .

Proof: By induction on n. When n = 1, the statement is true by Lemma A6. Next,

assume it is true for n and let ai1 , . . . , ai2n+1 be 2n+1 distinct elements of a test sequence.

Also let aj1 , . . . , aj2n+1 be another 2n+1 distinct elements of the same test sequence. Let

bk = ai2k−1
ai2k for k = 1, . . . , 2n. Also let ck = aj2k−1

aj2k for k = 1, . . . , 2n. Lemma A5

implies that bk ∼ρ b` for all k, `. Hence b1, . . . , b2n is a test sequence. Lemma A5 also

implies that ck ∼ρ c` for all k, `. Hence c1, . . . , c2n is also a test sequence. Moreover,

Lemma A5 implies that bk ∼ρ c` for all k, `. So we can relabel both b1, . . . , b2n and

c1, . . . , c2n to be each a set of 2n distinct elements of the same test sequence. By the

induction hypothesis,
⋃2n+1

k=1 aik =
⋃2n

k=1 bk ∼ρ

⋃2n

k=1 ck =
⋃2n+1

k=1 ajk .

Lemma A8: If a1, . . . , a2n+1 is a test sequence then ρ(aj , a1a2 · · · a2n+1) = 1/2n+1 for

j = 1, 2, . . . , 2n + 1.
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Proof: By (R) we can find a2n+2 such that a1, . . . , a2n+1, a2n+2 is a test sequence. Then

for any j > 1 we have

ρ(a1, a1 · · · a2n+1) = ρ(a2n+2, a2 · · · a2n+2)

= ρ(a2n+2, a1 · · · aj−1aj+1 · · · a2n+2)

= ρ(aj , a1 · · · a2n+1)

where the second equality is implied by Lemma A7. Then, the feasibility constraint and

the additivity of ρ yield the desired result.

Lemma A9: If ai1 , . . . , ain are n distinct elements of the test sequence a1, . . . , am and

aj1 , . . . , ajn are also n distinct elements of the test sequence a1, . . . , am, then
⋃n

k=1 aik ∼ρ

⋃n
k=1 ajk .

Proof: Note that m ≥ n and choose an integer k such that 2k > m. By (R) we can find

2k +1−n distinct elements am+1, . . . , a2k+1, . . . , a2k+1+m−n such that a1, . . . , a2k+1+m−n

is a test sequence. Let b = am+1 · · · a2k+1+m−n. Then Lemma A8 implies that

ρ(ai1 · · · ain , ai1 · · · ainb) = n/2k+1 = ρ(aj1 · · · ajn , aj1 · · · ajnb)

and (I) then yields the desired result.

Lemma A10: If a1, . . . , an is a test sequence then ρ(aj , a1a2 · · · an) = 1/n for all j.

Proof: By (R) we can find an+1 such that a1, . . . , an+1 is a test sequence. Then for any

j > 1 we have

ρ(a1, a1 · · · an) = ρ(an+1, a2 · · · an+1)

= ρ(an+1, a1 · · · aj−1aj+1 · · · an+1)

= ρ(aj , a1 · · · an)
where the second equality is implied by Lemma A9. Then, the feasibility constraint and

the additivity of ρ yield the desired result.

Lemma A11: If ai1 , . . . , aik are k distinct elements of the test sequence a1, . . . , an and

a =
⋃k

j=1 aij , b =
⋃n

j=1 aj , then ρ(a, b) = k
n .
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Proof: By Lemma A10, we have ρ(ai, b) = ρ(aj , b) =
1
n for all i, j. Then, the additivity

of ρ yields the desired result.

Lemma A12: If a, b ∈ A+ and a ∩ b = ∅, then 0 < ρ(a, ab) < 1.

Proof: Suppose ρ(a, ab) = 1, then (R) implies that there exists c such that c ∩ ab = ∅
and ρ(c, ac) > 1/2. Hence, by Lemma A4, c Âρ a and therefore ρ(c, cb) > ρ(a, ab) = 1, a

contradiction. By symmetry, we cannot have ρ(a, ab) = 0 either.

Assume ρ satisfies (R) and (I). Then, choose any ao ∈ A+ and define, v̄(ao) = 1.

Then, set v̄(∅) = 0 and for all b ∈ A+ such that b ∩ ao = ∅, let

v̄(b) =
ρ(b, bao)

1− ρ(b, bao)

Finally, for any b ∈ A+ such that ao ∩ b 6= ∅, find a ∈ A such that a ∩ bao = ∅ and

ρ(a, ab) = 1/2 and let v̄(b) = v̄(a).

Lemma A13: The function v̄ is well-defined and satisfies the following

(i) v̄ : A → IR+ and v(a) = 0 if and only if a = ∅.
(ii) v̄(a) ≥ v̄(b) if and only if a ºρ b.

Proof: To prove that v̄ is well-defined, we first note that by Lemma A12, v̄(a) < ∞ for

all a disjoint from ao. Next, suppose a1, a2 are such that aob ∩ a1 = aob ∩ a2 = ∅ and

ρ(a1, a1b) = ρ(a2, a2b). Then a1 ∼ρ a2 and hence, ρ(a1, a1a0) = ρ(a2, a2a0) and therefore

v̄(a1) = v̄(a2), proving that v̄ is well-defined.

By Lemma A12, v̄ satisfies (i). To prove, (ii), choose c such that c ∩ baao = ∅ and

ρ(c, cao) =
1/2. Then, by Lemma A4, ao ∼ρ c. For any d ∈ A+ with d∩ c = ∅, if d∩ao = ∅,

then ao ∼ρ c implies ρ(d, dc) = ρ(d, dao) = v̄(d)
1+v̄(d) . If d ∩ ao 6= ∅, then since v̄ is well-

defined, we have ρ(d, dc) = v̄(d)
1+v̄(d) . Hence, a ºρ b if and only if ρ(a, ac) ≥ ρ(b, bc) if and

only if v̄(a) ≥ v̄(b).

Let nc denote the union of some n-element test sequence ci such that each element

ci ∼ρ c for some c. Then, by Lemma A11, ρ(nc, anc) is the same for all such sequences

provided nc ∩ a = ∅. Hence, from now on, we will let nc denote the union of any element

test sequence with each element satisfying ci ∼ρ c.
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Lemma A14: If nc ∼ρ ao, then mc ∼ρ b if and only if v̄(b) = m
n .

Proof: Assume nc ∼ρ ao and hence ρ(b, bnc) = ρ(b, bao). By Lemma A11, ρ(mc, (n +

m)c) = m
n+m . By definition, ρ(mc, (n + m)c) = ρ(b, bnc) if and only if b ∼ρ mc. Hence

v̄(b) = m
n if and only if mc ∼ρ b.

Lemma A15: ρ(a, ab) = v̄(a)
v̄(a)+v̄(b) for all a, b ∈ A+ such that a ∩ b = ∅.

Proof: First assume that v̄(a), v̄(b) are rational numbers. Then, there exists positive

integers k,m, n such that v̄(a) = k
n and v̄(b) = m

n . Choose c such that nc ∼ρ ao; that

is, c such that c ∩ ao = ∅ and ρ(c, cao) = 1
n+1 . Note that by Lemma A14, kc ∼ρ a and

mc ∼ρ b and hence ρ(kc, (k + m)c) = ρ(a, amc) = ρ(a, ab). But Lemma A11 implies

ρ(kc, (k +m)c) = k
k+m , which yields the desired result.

If either v̄(a) or v̄(b) is not a rational number, then for any ε > 0, choose rational

numbers, r1, r2 such that r1 < v̄(a), r2 > v̄(b) and r1
r1+r2

> v̄(a)
v̄(a)+v̄(b) − ε. Then, choose

c, d such that a, b, c, d are all pairwise disjoint and v̄(c) = r1 and v̄(d) = r2. Then, by the

preceeding argument ρ(c, cd) = r1
r1+r2

and by Lemma A13(ii), ρ(a, ab) ≥ ρ(a, ad) ≥ ρ(c, cd).

Hence, ρ(a, ab) ≥ v̄(a)
v̄(a)+v̄(b) − ε for every ε > 0; that is, ρ(a, ab) ≥ v̄(a)

v̄(a)+v̄(b) . A symmetric

argument ensures that ρ(a, ab) ≤ v̄(a)
v̄(a)+v̄(b) and hence the desired conclusion.

To complete the proof the theorem, let vs = v̄({s}).

7. Proof of Theorem 2

We begin by proving the first part of Theorem 2. We assume richness, weak indepen-

dence and elimination of duplicates throughout this part of the proof.

Lemma A16: If a ∩ c = b ∩ d = ∅, a ∼ b and c ∼ d, then ac ∼ bd.

Proof: Assume a∩ c = b∩ d = ∅ = abcd∩ e and c ∼ d. Let s ∈ e and a ∼ b. Then, choose

b∗ ∼ b such that b∗ ∩ abcde = ∅ and c∗ ∼ c such that c∗ ∩ abb∗cde = ∅. By R∗, this can

be done. Then, ρ(s, ace) = ρ(s, ac∗e) = ρ(s, bc∗e) = ρ(s, b∗c∗e) = ρ(s, b∗ce) = ρ(s, b∗de) =

ρ(s, bde) as desired.

Lemma A17: ∼ is an equivalence relation.
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Proof: Clearly, ∼ is reflexive and symmetric. To prove it is transitive, assume a ∼ b ∼ c

and let s ∼ d for d such that ac ∩ d = ∅.
Case 1: d ∩ b = ∅. Then, ρ(s, ad) = ρ(s, bd) = ρ(s, cd) as desired.

Case 2: d ∩ b 6= ∅ and s /∈ b. Then, let e = d\b. By R∗ we can choose d∗ ∼ d ∩ b such that

d∗ ∩ abcd = ∅. Then, case 1 and d∗ ∼ d ∩ b implies ρ(s, ad) = ρ(s, aed∗) = ρ(s, ced∗) =

ρ(s, cd) as desired.

Case 3: s ∈ b. Then, let e = d\{s}. By R∗ we can choose d∗ ∼ {s} such that d∗∩abcd = ∅.
Then, case 2 and d∗ ∼ {s} implies ρ(s, ad) = ρ(s, aed∗) = ρ(s, ced∗) = ρ(s, cd) as desired.

Lemma A18: a ∼ ∅ implies a = ∅.

Proof: If a 6= ∅, then by R∗, there is b such that b ∩ a = ∅ and ρ(a, ab) > 0. Hence,

ρ(b, ab) < 1 = ρ(b, b) which means that ρ(s, b) 6= ρ(s, ab) for some s ∈ b, proving that a is

not a duplicate of ∅.

Lemma A19: If a ∼ b ∈ M and a 6= ∅, then there exists an onto mapping f : b → a

such that s ∼ f−1(s) for all s ∈ a.

Proof: The proof is by induction on the cardinality of |a|. If |a| = 1, then by Lemma

A18, b 6= ∅ and hence the constant function is the desired f .

Suppose the assertion is true whenever |a′| = n and let |a| = n + 1 for some n ≥ 1.

By Lemma A18, b 6= ∅. Choose t ∈ a and let c = {t}, c′ = a\{t}. Since b ∼ a and b ∈ M,

there is d ⊂ b such that d ∼ c, d′ := b\d ∼ c′ and d ∩ d′ ∼ c ∩ c′. Since c and c′ are

nonempty, by Lemma A18, neither are d, d′. Hence, by the inductive hypothesis, there

exists a function g from d′ to c′ such that g−1(s) ∼ s for all s ∈ c′. Then, let f(s) = t if

s ∈ d and f(s) = g(s) if s ∈ d′. Clearly, f is the desired function.

Lemma A20: a ∈ M if and only if |a| ≥ |b| for all b ∼ a.

Proof: Note that if |a| = 0, then the result follows immediately from Lemma A18. So,

assume a 6= ∅. The only if part follows immediately from Lemma A19. To prove the if part,

assume |a| ≥ |b| for all b ∼ a and choose b ∈ M such that b ∼ a. By Lemma A19, there is
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an onto function f : b → a such that f−1(s) ∼ s for all s ∈ b. By hypothesis, |a| ≥ |b| and
hence f must be a bijection. Consider any â ∼ a and c ⊂ â. By Lemma A17, â ∼ b and

therefore, there exists d′ ⊂ b such that c ∼ d′ and â\c ∼ b\d′. Let d = {f(s) | s ∈ b}. By

Lemma A16, d′ ∼ d and a\d′ ∼ b\d. Again, by Lemma A17, c ∼ d and â\c ∼ a\d, proving
that b ∈ M.

Lemma A21: If a ⊂ b ∈ M, then a ∈ M.

Proof: Suppose a /∈ M and let d = b\a. Then, by Lemma A19, there exists c ∼ a such

that |c| > |a|. By strong richness, we can assume c ∩ b = ∅. Then, by Lemma A16,

cd ∼ ad = b and |cd| > |ad| = |b|. Hence, by Lemma A20, b /∈ M.

Let B0 = {s ∈ A | {s} ∈ M} and let B0 be the set of all finite subsets of B0. Let C0
denote the partition of B0 induced by this equivalence relation and let θ : B0 → B0 be

a selection from the equivalence classes of (∼, B); that is, θ is any function such that (i)

θ(s) ∼ s for all s ∈ B0 and (ii) s ∼ t implies θ(s) = θ(t). Finally, let B = {θ(s) | s ∈ B0}
and let B be the set of all finite subsets of B.

Lemma A22: B0 = M.

Proof: That M ⊂ B0 follows from Lemma A21, while B0 ⊂ M follows from Lemma A16.

Lemma A23: a ⊂ b ⊥ c implies a ⊥ c.

Proof: Suppose there is a′ ∼ a, c′ ∼ c such that c′ ∩ a′ 6= ∅. Choose d ∼ b\a such that

d ∩ c′ = ∅ and note that d ∪ c′ ∼ a ∪ b ∩ a = b. Hence, b and c are not nonoverlapping

Lemma A24: (i) If s, t ∈ B and s 6= t, then {s} ⊥ {t}. (ii) For a, b ∈ B0, a ⊥ b or there

is s ∈ a, t ∈ b such that s ∼ t. (iii) For a, b ∈ B, a ∩ b = ∅ if and only if a ⊥ b.

Proof: (i) Suppose, s, t ∈ B, s ∼ a ∈ A and t ∼ b ∈ A such that a ∩ b 6= ∅. By Lemma

A22, s, t ∈ M, Hence, by Lemma A19, |a| = |b| = 1. Hence, a = b and therefore s ∼ t by

Lemma A17; that is s ∼ t and by the definition of θ, s = θ(s) = θ(t) = t.

(ii) Assume a, b ∈ B and there is a′ ∼ b and b′ ∼ b and s∗ ∈ a′ ∩ b′. By part Lemma A19,

there are functions f, g mapping a, b onto a′, b′ such that f−1(s) ∼ s and g−1(t) ∼ t for
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all s ∈ a′ and t ∈ b′. If follows from Lemma A17 that f−1(s∗) ∼ g−1(s∗). By Lemma

A21, f−1(s∗), g−1(s∗) ∈ M and hence applying Lemma A19 again yields an onto function

h : f−1(s∗) → g−1(s∗) such that h−1(s) ∼ s for all s ∈ g−1(t). By Lemma A20, h must be

a bijection. Hence, there are s ∈ a and t ∈ a such that t ∼ s.

(iii) Assume a, b ∈ B. That a ⊥ b implies a ∩ b = ∅ is obvious. To prove the converse,

assume that a ⊥ b does not hold. Then, by part (ii) of this lemma there are s ∈ a and

t ∈ a such that t ∼ s. Then, t = s by part (i) of this lemma and hence a ∩ b 6= ∅.

Define the RCR ρB on the proper collection B is as follows: ρB(s, b) = ρ(s, b) for all

b ∈ B such that b 6= ∅.

Lemma A25: ρ(s, ab) = ρ(s, ab0) if s ∈ a, b0 ∈ B0, s ⊥ b0 and b = {θ(s) | s ∈ b0}.

Proof: Let b0 = b1b2 · · · bk where s ∼ t if and only if i = j for all s ∈ bi and t ∈ bj . Hence,

b1, . . . bk is the partition on b0 induced by the equivalence relation ∼. First, we note that

i 6= j implies bi ⊥ bj . To see this, note that if bi and bj are not nonoverlapping, then by

Lemma A24(ii), there are t ∈ bi and t′ ∈ bj such that t ∼ t′ and hence by Lemma A17,

bi = bj and therefore i = j.

Let n(b0) =
∑k

i=1 |bi| − k. The proof is by induction on n(b0). If n(b0) = 0, then each

bi is a singleton and hence b ∼ b0 by Lemma A16 and the result follows. Suppose the result

holds whenever n(b̂0) = n and let n(b0) = n + 1 ≥ 1. Hence, there is some i such that

|bi| > 1. Choose t, t′ ∈ bi such that t 6= t′ and let b̂0 = b0\{t}. By Lemma 23, bi ⊥ s and

therefore E implies ρ(s, ab0) = ρ(s, ab̂0). By the inductive hypothesis, ρ(s, ab̂0) = ρ(s, ab)

and hence ρ(s, ab0) = ρ(s, ab) as desired

Lemma A26: ρB satisfies satisfies R, I and is a Luce Rule.

Proof: Assume a, c ∈ B, a 6= ∅ and δ ∈ (0, 1). By R∗, there is b̂ ∈ A such that ρ(a, ab̂) = δ

and b̂ ⊥ ac. Again by R∗, we can choose b0 ∈ M such that bo ∼ b̂ and b ∩ c = ∅. Hence,

δ = ρ(a, b̂) = ρ(a, b0). By Lemma A22, b0 ∈ B0. It follows from Lemma 17 that b0 ∼ b̂ ⊥ ac

implies b0 ⊥ ac. Then, Lemma 23 implies b0 ⊥ c and b0 ⊥ a. Let b = {θ(s) | s ∈ b0}. By

Lemma 25, we have δ = ρ(a, ab0) = ρ(a, ab). Since b ⊥ c, we conclude b ∩ c = ∅. Hence,

ρB satisfies R.
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It follows from Lemma A24(iii) and I∗ that ρB satisfies I. Then, Theorem 1 establishes

that it is a Luce rule.

Define cs ⊂ A for all s ∈ B as follows: t ∈ cs if and only if there exists s ∈ b ∈ B0

such that t ∼ b. Let C = {cs | s ∈ B}. Note that for all t ∈ A, there exists b ∈ M = B0

such that t ∼ b (by R∗ and Lemma A22). Pick any t′ ∈ b and let s = θ(t′) ∈ B. If s ∈ b

then t ∈ cs. Otherwise, let b′ = {s} ∪ (b\{t′}). It follows from Lemmas 16 and 17 that

b′ ∼ b ∼ t and hence t ∼ b′ and again, s ∈ cs. It follows that C is an attribute set for A.

Lemma A27: cs = ct implies s = t.

Proof: Since t ∈ ct, ct = cs implies t ∈ cs and hence {t} ∼ b for some b such that s ∈ b.

By Lemma 22, {t} ∈ M and then by Lemma 20, |b| = 1 and hence {t} ∼ {s} and therefore

t = θ(t) = θ(s) = s as desired.

Let v be the Luce value that induces ρB and let w(cs) = vs for all s ∈ B. By Lemma

A27, w : C → IR++ is well defined and hence (w, C) is an attribute value on A. Let ρw be

the RCR that (w, C) induces. We will prove that if ρ satisfies I∗ and E, then it is an WAR

by showing that ρ = ρw.

Lemma A28: (i) s ∼ t, s, t ∈ b0 ∈ B0 implies ρ(s, b0) = ρ(t, b0). (ii) ρ(s∗, b0) =

ρw(s∗, b0) whenever s∗ ∈ b0 ∈ B0.

Proof: (i) Let a = {s′ ∈ b0 | s′ ∼ s}. Then choose c ∼ a\{s} such that c ∩ ab0 = ∅ and

let d = b0\a. Then, note that b\{s} ∼ dc ∼ b\{t} and therefore ρ(s, b0) = ρ(s, dcs) =

ρ(t, dat) = ρ(t, b0).

(ii) As in Lemma A25, let b0 = b1b2 · · · , bk where s ∼ t if and only if i = j for all s ∈ bi

and t ∈ bj . Hence, b1, . . . bk is the partition on b0 induced by the equivalence relation ∼.

Recall that i 6= j implies bi ⊥ bj . Assume without loss of generality that s∗ ∈ b1.

If k = 1, then ρ(s, b0) = ρ(t, b0) for all s, t ∈ b by part (i) and hence ρ(s∗, b) = 1
|b| =

ρw(s∗, b) as desired. If k > 1, let b = {θ(s) | s ∈ b0} and let ŝ = θ(s∗). By definition,

ρ(s, b) =
vs∑
t∈b vt

=
w(s)∑
t∈b w(t)

= ρw(s, b)
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for all s ∈ b. Let b̂ = ŝb2 · · · bk and b∗ = s∗b2 · · · bk. Since s∗ ∼ ŝ and by Lemma A25,

ρ(s∗, b∗) = ρ(ŝ, b̂) = ρ(ŝ, b) =
w(ŝ)∑
t∈b w(t)

= ρw(ŝ, b) = ρw(s∗, b∗)ρw(ŝ, b̂).

Applying Lemma A25 again yields ρ(s, b∗) = ρ(s, b0) for all s 6= s∗; that is,
∑

s∈b1 ρ(s, b) =

ρw(ŝ, b∗). But then part (i) implies

ρ(s∗, b) =
1

|b1|ρ
w(s∗, b∗) = ρw(s∗, b)

as desired

To complete the proof of the theorem, consider an arbitrary a ∈ A. Let a =

{s1, . . . , sn}. Define bi, ai for i = 0, . . . , k inductively as follows c0 = ∅, a0 = a. For

i > 0, choose ci ∈ B0 such that ci ∼ si and ci ∩ aai−1 = ∅. Finally, let ai = ci(ai−1\{si}).
Then, since an ∈ B0, Lemma A28 implies

ρ(s1, a) = ρ(c1, b1) = · · · = ρ(c1, an) = ρw(c1, an) = ρw(s1, a)

as desired.

To prove the second part of Theorem 2, let ρ be a weighted attributes rule defined on

the collection of finite subsets of A and let C be the corresponding collection of attributes.

Define A1 = C × IN and A2 = IR+ × IN and let A∗ = A ∪ A1 ∪ A2. Let ρ∗ be the WAR

defined by the attribute value (C∗, w∗) where

C∗ = {{c, (c, 1), (c, 2), . . .}| c ∈ C} ∪ {{(r, 1), (r, 2), . . .}| r ∈ IR+}

For c∗ = {(c, (c, 1), . . .}, let w∗(c∗) = w(c) and for c = {(r, 1), (r, 2), . . .} ⊂ A2 let w
∗(c) = r.

For any a ⊂ A∗ there is a finite subset b ∈ A1 ∪ A2 such that b ∼ a. This follows

since all objects have a finite number of attributes. Since all objects in A1 ∪ A2 have a

single attribute it follows that every finite set b ⊂ A1 ∪A2 is fine. That ρ∗ satisfies strong

richness now follows easily from (5).

Next, we show that a and b are non-overlapping if and only if they have no attributes in

common. Equation (5) implies that a and b are non-overlapping if they have no attributes
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in common. For the converse, let a′ ∼ a, b′ ∼ b and a′, b′ ⊂ A1 ∪ A2. If a and b have

attributes in common then a′, b′ can be chosen so that a′ ∩ b′ 6= ∅ and therefore a and b

are not non-overlapping. Weak independence now follows from equation (5).

Let a ∼ b. We claim that C∗a = C∗b. If not, let c ∈ C∗a but c 6∈ C∗b. Then, let

d1 = {(c, j)}, d2 = {(c, j), (c, k)} for some (c, j), (c, k) 6∈ a. Then, ρ∗(a, ad1) > ρ∗(a, ad2)

but ρ∗(b, bd1) = ρ∗(b, bd2) establishing that a and b are not duplicates. Thus, a and b are

duplicates only if they share the same attributes. The elimination of duplicates property

now follows from equation (5).

8. Proof of Theorem 3

Take any q ∈ Ql and let v be the corresponding Luce value. Define w as follows:

w(a) = 0 whenever a is not a singleton and w(i) = vi for all i. Clearly, this attribute value

induces q and therefore q ∈ Qw proving Ql ⊂ Qw.

Next, we will prove that Qr = cl convQl. The first fact below requires no proof.

Fact 1: The sets Q and Π are compact and convex.

The next fact follows immediately from fact 1 and the definition of “q maximizes π.”

Fact 2: If qi maximizes πi for i = 1, 2 and α ∈ [0, 1], then αq1 + (1 − α)q2 maximizes

απ1 + (1− α)π2.

Fact 3: The set Qr is compact and convex.

Proof: That Qr is convex follows from facts 1 and 2 above. Next, we will prove that Qr

is compact.

For any a, b ⊂ A, let b\a = {i ∈ b | i /∈ a} and ac = A\a}. Let [a, c] = {b ⊂ A | a ⊂ b ⊂
c}. Falmagne4 (1978) showed that q ∈ Q if and only if

0 ≤
∑

b:a⊂b

(−1)|b
c|qib (A5)

for all i ∈ A and a ∈ A+. Let C be the subset of IR
n(2n−1)
+ that satisfies the inequalities

above. Clearly, C is closed and by Falmange’s theorem Qr = Q ∩ C. Since Qr is the

intersection of a closed and (by fact 1) compact set, it too is compact.

4 Block and Marschak (1960) introduced the inequalities (A5) and identified them as necessary condi-
tions for q ∈ Q to be an element of Qr.
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The following well-know result was first proved by Block and Marschak (1960):

Fact 4: Ql ⊂ Qr.

Facts 3 and 4 imply cl convQl ⊂ Qr. The fact below establishes the reverse inclusion

and yields cl convQl = Qr

Fact 5: For every ε′ > 0 and q ∈ Qr, there exists q̂ such that |q − q̂| < ε′.

Proof: Assume 0 < ε < 1 and for any u ∈ U , define the Luce value vεu as follows:

vεui = εui−1

Let δu be the degenerate random utility that assigns probability 1 to u and let qδ
u

be

the RCR that maximizes δu and let qv
εu

be the RCR induced by vεu. It is easy to

see that as ε becomes arbitrarily small qv
εu

gets arbitrarily close to qδ
u

. It follows that

q :=
∑

u∈U πuq
vεu ∈ convQl gets arbitrarily close to q∗ :=

∑
u∈U πuq

δu .

Note that π =
∑

u∈U πuδ
u and hence by fact 2 (and a simple inductive argument)

q∗ =
∑

u∈U πuq
δu maximizes π. Hence, for every q∗ ∈ Qr we can find q ∈ convQl

arbitrarily close to q∗.

Lemma A29: Qw ⊂ Qr.

Proof: Fix a q in Qw and let w be the attribute value that induces q.

Let Ā = {a |w(a) > 0} and let Ā be the set of subsets of Ā. Let v̄a = w(a) for all

a ∈ ā. Interpret the function v̄ as a Luce value on Ā and let ρ̄v̄ be the RCR induced by v̄

on Ā, that is, for ā ∈ Ā+ and b ∈ Ā,

ρ̄v̄(b, ā) =

{
v̄b/

(∑
a∈ā v̄a

)
if b ∈ ā

0 if b /∈ ā

Let U∗ be the set of all bijections from Ā to {1, . . . , |Ā|} and let Π∗ be the set of all

probability distributions on U∗. Define, for any b ∈ ā,

[bā] = {u∗ ∈ U∗ | ū∗(b) ≥ ū∗(c) for all c ∈ ā}

and call the RCR ρ̄ the maximizer of η ∈ Π∗ if

ρ̄(b, ā) =
∑

u∗∈[bā]

η(u∗)
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for all b ∈ ā ∈ Ā. Applying Fact 4 to this new setting yields η∗ ∈ Π∗ such that

ρ̄v̄(b, ā) =
∑

u∗∈[bā]

η∗(u∗) (A6)

for all b ∈ ā ∈ Ā.

Let Ū be the set of all bijections from A to {1, . . . , 2n − 1} and let Π̄ be the set of

all probability distributions on Ū . We extend each u∗ ∈ U∗ to Ū by choosing ū ∈ Ū such

that (i) ū(a) ≥ ū(b) if and only if u∗(a) ≥ u∗(b) for all a, b ∈ Ā and (ii) ū(a) > ū(b) if

a ∈ Ā, b 6∈ Ā. Let η̄∗ ∈ Π̄ be the random utility corresponding to an extension of η∗.

For any a ∈ A such that a 6= ∅ and ū ∈ Ū , let

baū = arg max
{b |b∩a 6=∅}

ū(b)

Define

ρū(i, a) =

{
1

|a∩baū| if i ∈ baū
0 otherwise

(A7)

For any η ∈ Π̄ and i ∈ a ∈ A+, let

ρη(i, a) =
∑

ū∈Ū

η(ū)ρū(i, a) (A8)

We will prove that q ∈ Qr by showing (1) ρū ∈ Qr for all ū ∈ Ū and (2) q = ρη̄
∗
. Note

that (1) and (2) together establish that q is a convex combination of RCRs that are in Qr

which together with Fact 3 above yields q ∈ Qr.

Define

Ū1 = {ū ∈ Ū | |b| > |a| = 1 implies ū(a) > ū(b)}

and

Π̄1 = {η ∈ Π | η(ū) > 0 implies ū ∈ Ū1}

Claim: For every ū ∈ Ū there is µū ∈ Π1 such that ρū = ρµū

Proof of Claim: If ū ∈ U1 then µū = δū where δū yields ū with probability 1. Otherwise,

let a be the ū-maximal element of A+ that is not a singleton. Let d = {i ∈ a : ū({i}) >
u(a)} and define the function T0 : Ū → Π̄ as follows:
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(i) If d = a let T0(ū) = δū
′
for the unique ū′ ∈ Ū that ranks a at the bottom and ranks

all other pairs the same way as ū.

(ii) If ∅ 6= d 6= a let T0(ū) = δū
′
for the unique ū′ ∈ Ū that ranks a at the bottom and

ranks a\d the same way as ū ranks a; u′ ranks all other pairs the same way as ū.

(iii) If d is empty, define c̄ = {{i} : ū({i}) > u(a)} and let ā = {{i} : i ∈ a}. Let U ′
ū be the

set of all utility functions ū′ ∈ Ū such that (i) u′ ranks elements of c̄ above elements

not in c̄ and ranks pairs in c̄ the same way as ū; (ii) u′ ranks a at the bottom; (iii)

u′ ranks elements in ā ∪ c̄ above element not in ā ∪ c̄; (iv) the ranking of all pairs

b, b′ 6∈ {a} ∪ c̄ ∪ ā is unchanged. (Notice that there are |a| rankings in U ′
ū).

It is straightforward to verify that ρT0(ū) = ρū. Next, let T1(π) =
∑

ū∈Ū π(ū)T0(ū)

and for n > 1, let Tk(η) = T1(Tk−1(η)). Once again, it is easy to verify that ρT1(η) = ρη.

Clearly, T0(ū) = ū whenever ū ∈ U1. Hence, for k sufficiently large, Tk(η) ∈ Π̄1. Then, a

simple inductive argument ensures that ρū = ρTk(ū) proving the claim.

For any ū ∈ Ū , let l(ū) ∈ U be the unique u ∈ U such that ui ≥ uj if and only if

ū{i} ≥ ū{j}. Let L(η) be the π ∈ Π such that

π(u) =
∑

{ū: l(ū)=u}
η(u)

Note that for all ū ∈ Ū1, ρ
δl(ū)

= ρū and, therefore, ρη = ρL(η) for η ∈ Π̄1. Together with

the claim above, this proves (1), ρū ∈ Qr.

To prove (2), let Ūa(c) = {ū | baū = c} and Ū i
a = {ū | i ∈ baū}. Then, (A6) − (A8)

imply,

ρη̄
∗
(i, a) =

∑

ū∈Ū

η̄∗(ū)ρū(i, a) =
∑

ū∈Ūi
a

η̄∗(ū)ρū(i, a) =
∑

ū∈Ūi
a

η̄∗(ū)
1

|a ∩ baū|

=
∑

c∈Ci

∑

ū∈Ūa(c)

η̄∗(ū)
1

|a ∩ c| =
∑

c∈Ci

∑

ū∈[cCa]

η̄∗(ū)
1

|a ∩ c| =
∑

c∈Ci

1

|a ∩ c|
∑

ū∈[cCa]

η̄∗(ū)

=
∑

c∈Ci

1

|a ∩ c| ρ̄
v̄(c, Ca) =

∑

c∈Ci

1

|a ∩ c|
w(c)∑

d∈Ca w(d)
= qia.
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